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Abstract 


In this paper, we present a general methodology to solve a wide vari- 
ety of classical lattice path counting problems in a uniform way. These 
counting problems are related to Dyck paths, Motzkin paths and some 
generalizations. The methodology uses weighted automata, equations 
of ordinary generating functions and continued fractions. This new 
methodology is called Counting Automata Methodology. It is a varia- 
tion of the technique proposed by Rutten, which is called Coinductive 
Counting. 

Keywords: infinite weighted automata, enumerative combinatorics, 
continued fractions, generating functions, lattice paths 


1 Introduction 


Formal languages, finite automata and grammars are basic mathematical 
objects in Theoretical Computer Science with remarkable applications in 
various fields such as Algebra, Number Theory and Combinatorics, [5, 7, 10]. 
In particular, by using finite automata and grammars, some combinatorial 
results are related to enumeration of discrete objects and their generating 
functions [6, 8, 10, 15, 18, 21, 22, 23]. 

Combinatorics is an important branch of Mathematics which is focused 
on study of discrete objects. These kind of objects often arise in Theoretical 
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Computer Science. Enumerate Combinatorics is one of the main subfield 
of Combinatorics and it addresses the problem how to count the number of 
elements of a finite set in an exact or approximate way. The finite set is 
given by some combinatorial conditions. Some examples of combinatorial 
objects are lattice paths, trees, polyominoes, words and planar maps, etc. 


Several different methods exist to study combinatorial objects. For 
example, the symbolic enumeration method [15] is a unified algebraic the- 
ory which develops systematic symbolic relations between combinatorial 
constructions and operations on generating functions. The transfer-matrix 
method [16] uses the adjacency matrices of graphs to solve enumeration prob- 
lems; it is a variation of modeling by deterministic automata and modeling 
by paths in standard graphs. The Schtitzenberger methodology, also called 
Delest-Viennot-Schiitzenberger methodology [6], is a method of enumera- 
tion which uses algebraic languages. The coinductive counting [25] is a 
methodology which makes use of coinductive calculus of streams, infinite 
weighted automata and stream bisimulation. 


An infinite weighted automaton is a generalization of a nondeterminis- 
tic weighted finite automaton. Its transitions carry weights. These weights 
may model, e.g., the cost involved when executing a transition, or the proba- 
bility or reliability of its successful execution [13]. Some restricted relations 
between infinite weighted automata and combinatorics have been developed 
in [20, 25, 32, 31]; however, there are few studies in this direction. 


In this paper, we present a variation of the methodology developed by 
Rutten in [25], without the use of coinduction. We use only infinite weighted 
automata, weighted graphs and continued fractions. The weights in these 
automata can be generating functions instead of just numbers; this is a 
generalization suggested by Rutten in [25]. We call this new methodology 
Counting Automata Methodology. 


The general idea in this methodology is to associate a system of ordi- 
nary generating functions to an infinite weighted graph which is obtained 
from an infinite weighted automaton. Then, we develop a set of properties 
allowing us to find the associated ordinary generating function by solving 
systems of equations. Specifically, we study two families of automata, the 
linear and bilinear infinite counting automata, in which each edge is labelled 
with a general generating function. We find the generating function associ- 
ated with these automata, and some combinatorial relations. Additionally, 
we introduce an operator on linear and bilinear automata which transforms 
them into similar automata with a new set of accepting states. From this, 
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we find new combinatorial constructions related to the ones already studied. 

From this new perspective, it is possible to derive existing and new 
counting results. Moreover, with this methodology many different com- 
binatorial constructions can be enumerated in a uniform and simple way. 
Specifically, we apply this methodology to problems of lattice paths, such 
as Dyck paths, Riordan paths, Motzkin paths, colored Motzkin paths and 
generalized Motzkin paths, among others. 

The outline of this paper is as follows. In Section 2 we recall the notions 
of weighted automata and its ordinary generating functions. In Section 3 we 
develop a set of properties to decide when an automaton is convergent, which 
are necessary to find the ordinary generating function associated with the 
automaton. Then in Section 4 we describe the proposed Counting Automata 
Methodology. In Section 5 we find the generating function of a family of 
infinite weighted automata and we work out some examples of lattice paths. 
Finally, in Section 6 we introduce a general operator on linear and bilinear 
counting automata. 


2 Weighted Automata and Generating Functions 


The terminology and notations are mainly those of Sakarovitch [26] and 
Shallit [28]. Let © be a finite alphabet, whose elements are called symbols. 
A word over % is a finite sequence of symbols from %. The set of all words 
over }, i.e., the free monoid generated by %, is denoted by &*. The identity 
element € of &* is called the empty word. For any word w € %*, |w| denotes 
its length, i-e., the number of symbols occurring in w. The length of € is 
taken to be equal to 0. If ae X and w«¢ &”*, then |w|, denotes the number 
of occurrences of a in w. Let % be a finite alphabet. Then each subset of 
%” is called a formal language over %. The number of words of length n in 
a language L is denoted by L™). 


An automaton M is a 5-tuple M = (%,Q,q0,F,F), where © is a 
nonempty input alphabet, @ is a nonempty set of states of M, qo € Q 
is the initial state of M, @ + F ¢ Q is the set of final states of M and 
EcQxxQ is the set of transitions of M. The language recognized by 
an automaton M is denoted by L(M). If Q, = and F are finite sets, we say 
that M is a finite automaton [1, 19, 26]. 

We often describe an automaton M by providing a transition diagram 
or a labelled graph. This is a directed graph where states are represented 
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by circles, final states by double circles, the initial state is labelled by a 
headless arrow entering a state, and transitions are represented by directed 
arrows, labelled with a symbol. Automata in this paper do not have useless 
states. 


Example 1. Consider the finite automaton M = (%,Q,q0, fF, F) where % = 


{a, b}, Q = {q0, 1}; F= {qo} and E = {(qo, 4,41); (Go, 6,40), (41,4; 40) }- The 
transition diagram of M is as shown in Figure 1. It is easy to verify that 


L(M) = (bUaa)*. 


b 
a 
Oo @ 
a 


Figure 1: Transition diagram of M, Example 1. 


Example 2. Consider the infinite automaton Mp = (©, Q, qo, F, E), where 


u= {a,b}, Q = {40, U1; a abs P= {qo} and E = {(4i,@, G41); (di+1, 0, di) 70 N}. 
The transition diagram of Mp is as shown in Figure 2. 


a a a 
Figure 2: ee a - Mp, Example 2. 

The language accepted by Mp is: 

L(Mp) = {we d* :|wla =|w|, and for all prefix v of w,|v|p < |vla}- 


This automaton is known as the Dyck Automaton [4]. 


2.1 Generating Function of Languages 


An ordinary generating function F = 9 fnz” corresponds to a formal 


language L if f, =|{we L:|w| =n}}, ie., if the n-th coefficient f, gives the 
number of words in DL with length n. 

How to find the ordinary generating function (GF) corresponding to context- 
free language is known as the Schititzenberger methodology, (see, e.g., [6, 
10, 15]). If LZ ¢ %* is an unambiguous context-free language, then the 
GF corresponding to L is algebraic over Q(x); moreover, if L is a regular 
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language then the GF corresponding to L is a rational series (see, e.g., 
[13, 15, 26]). 

Let G = (V,%, P,S') be an unambiguous context-free grammar of the 
language Lg, where V is a finite set of nonterminal symbols, % is a finite set 
of terminal symbols with UNV = @, S'€ V is a special symbol in V, called 
the starting symbol and P is a finite set of rules which, P © V x (Vu»d)”*. 
The morphism 0 is defined by 


O(e) =1, 
O(a) =z, Vaed, 
@(A) = A(z), VAEV. 


Any production rule A > e;|e9|---|e, € P yields an algebraic equation in the 
A(z), B(z),... 
Q(A) = }° O(e). 
i=l 


We obtain a system of equations over the unknown A(z), B(z),.... This 
system has to be solved for S(z) and gives the generating function corre- 
sponding to La. 


Example 3. Consider the finite automaton from Example 1. Then we 
obtain the following system of equations 


Lo = {b} x Lo+ {a} x Li +1 
Ly ={a}xLo 


This gives rise to a set of equations for the associated GFs 


L[o(z) = 2Lo0(z)+2hi1(z) +1 
Iy(z) =2Lo(z) 


Solving the system, we have the GF corresponding to L(M). It is Lo(z) 
since the initial state of the automaton is qo, and 


1 foe] 
Lo(z) = = 2, Fnz™, 
n= 


where F,, is the n-th Fibonacci number, see sequence A000045 °. 


3Many integer sequences and their properties are to be found electronically on the 
On-Line Encyclopedia of Sequences [30]. 
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2.2. Formal Power Series and Weighted Automata 


Given an alphabet © and a semiring K. A formal power series or formal 
series S is a function S$: * > K. The image of a word w under S is called 
the coefficient of w in S and is denoted by sy. The series S' is written as 
a formal sum S' = ¥ cy Syww. The set of formal power series over © with 
coefficients in K is denoted by K ((x*)). 

An automaton over ©* with weight in K, or K-automaton over %* is 
a graph labelled with elements of K ((*)), associated with two maps from 
the set of vertices to K((*)). Specifically, a weighted automaton M over 
%* with weights in K is 4-tuple M = (Q,/, E, F’) where 


@ is a nonempty set of states of M. 
An element E of K ((*))@*® called transition matric. 


I is an element of K((5*))®, i.e., I is a function from Q to K((=*)). 
TI is the initial function of M and can also be seen as a row vector of 
dimension Q, called initial vector of M. 


F is an element of K((5*))®, i.e., F is a function from Q to K((*)). 
F is the final function of M and can also be seen as a column vector 
of dimension Q, called final vector of M. 


For more details see [13, 26]. 

We say that M is a counting automaton if K = Z and =* = {z}". With 
each automaton, we can associate a counting automaton. It can be obtained 
from a given automaton replacing every transition labelled with a symbol 
a, aé€, by a transition labelled with z. This transition is called a counting 
transition and the graph is called a counting automaton of M. 


e)}——® @)}——©) 
Figure 3: Counting transition. 
Each transition from p to qg yields an equation: 
L(p)(z) = 2L(q)(z) + [pe F] +--. 


We use L, to denote L(p)(z). We also use Iverson’s notation, [P] = 1 if the 
proposition P is true and [P] = 0 if P is false. 
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3 Convergent Automata and Convergent Theorems 


We denote by L‘")(M) the number of words of length n recognized by the 
automaton M, including repetitions. 


Definition 1. We say that an automaton M is convergent if for all integer 
n>0, L(™(M) is finite. 


It is clear that every finite automaton is convergent, however, there are 
non convergent infinite automata. 


Example 4. Let M = (1,Q,q0,F,E) be an infinite automaton, where % = 
{a}, Q = {g0,u,---} =F and E = {(q%,a,q41):7€ N}, see Figure 4. It is 
clear that L(M) = {a": n> 0}, then L™(M) =1 for alln>1, hence M is 


convergent. 


-©—-©—*-©—*-© » 


Figure 4: Transition diagram of M, Example 4. 


Example 5. Let M = (1,Q,q0,F,E) be an infinite automaton, where % = 


{ao,@1,---$, Q= {G0,a}, F = {gq} and E = {(q0,ai,q) 1 € Nj, see Figure 5. 
It is clear that L(M) =%, which is an infinite set, then M is not convergent. 


Figure 5: Transition diagram of M, Example 5. 


Example 6. Let M = (%,Q,q0, F,E) be an infinite automaton, where % = 


{a}, Q = {405915 92,°"*}; se {Gin Gas **} and E& = {(qo, 4; 4) 72 Z*}, See 
Figure 6. It is clear that L(M) = {a}, however, L™(M) is infinite. 


_ © 
O-—4+—© 


Figure 6: Transition diagram of M, Example 6. 
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3.1 Criterions for Convergence 


Definition 2. Let M = (©,Q,q0, F, E) be an automaton. We defined the set 
of states of M reachable from state q¢ Q in n transitions, Q4, recursively 
as follows: 


gi = lke if n = 0; 
" |U{p': (pap )¢ B,pe Qt}, ifn. 


Theorem 1 (First Convergence Theorem). Let M be an automaton, 
such that each vertex (state) of the counting automaton of M has finite 
degree. Then M is convergent. 


Proof. Any path of length n in the transition diagram of M can be con- 
sidered as a sequence of n+ 1 states, where each state is taken exclusively 
of the sets O27, Q7°, Q2°,...,Qz. Since UZ_, QP is a finite set, L@™(M) is 
finite, because any word of length n is obtained after n choices, each with a 
finite number of options. 


Example 7. The counting automaton of the automaton Mp in Example 2 
is convergent. This automaton was studied in [23]. 


The following definition plays an important role in the development of 
applications because it allows to simplify counting automata whose transi- 
tions are formal series. 

Let M be an automaton, and let f(z) = 72, fnz” be a formal power 
series with f, € N for all n 21. In a counting automaton of M the set of 
counting transitions from state p to state g, without intermediate final states, 
see Figure 7(left), is represented by a graph with a single edge labelled by 
f(z), see Figure 7(right). 

This kind of transition is called a transition in parallel. The states p 
and q are called visible states and the intermediate states are called hidden 
states. 


Example 8. Jn Figure 8(left) we display a counting automaton M, without 
transitions in parallel, 1.e., every transition is label by z. The transitions 
Loy Inde = z+ 274223 +5244 
14z°+---. However, this automaton can also be represented using transitions 
in parallel. Figure 8(right) displays two examples. 


from state q, to q2 correspond to the series 


This example shows that a counting automaton can have different 
equivalent representations. 
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: 


n times f3 timesfg times f; time 


: 


nm —1 states, m transitions 


Figure 7: Transitions from the state p to q and transition in parallel. 


Definition 3. Two counting automata M, and Mo are equivalent if for all 
integer n > 0, L@™ (M1) = L@ (Mg). This is denoted by My 2 Mg. 


Definition 4. Let f(z) = X29 fiz’ be a power series (or a polynomial). We 
define n f(z) as the polynomial n f(z) = Xho fez". 


Theorem 2 (Second Convergence Theorem). Let M be an automaton, 
and let f/(z), fa(z),..., be the transitions in parallel from state q€éQ in a 
counting automaton of M. Then M is convergent if the series 


F42) = 3° f(z) 
k=1 


is a convergent series for each visible state q€ Q of the counting automaton. 


Proof. Any word of length n is accepted by M if there is a path from qo 
to some final state. Since the hidden states in a transition in parallel are 
not final states, then the paths from a visible state to another visible state, 
corresponding to the terms fn412"*!, fn4oz”*?,... of a transition in parallel 
f(z) in a counting automaton of M, are not accepting paths. Let M’ be 
an automaton obtained by replacing all transitions in parallel f(z) in a 
counting automaton of M by the transition , f(z), then clearly L@™(M) = 
L™(M’) for all n > 0. On the other hand, the number of transitions of 
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z-2V1-A4z 
2 


Figure 8: Counting automata with transitions in parallel, Example 8. 


each visible state q¢ Q’ in M’ is finite because 


co 


ey Cl ke o0, 


k=1 


and from each of the hidden state starts a single transition. Hence, by 
Theorem 1, M’ is convergent. Hence L\)(M) = L™(M’) is finite for all 
n 20, therefore M is convergent. 


Proposition 1. Jf f(z) is a polynomial transition in parallel from state p 
to gq in a finite counting automaton M, then this gives rise to an equation 
in the system of GFs equations of M: 


Ep = f(z) Lq + [pe F)+-- 


Proof. Let f(z) = fiz+ foz? +--+ fn2” be a polynomial transition in parallel, 
then the set of transitions in parallel corresponding to the term f,z", 1 < 
k <n, can be represented with a graph as in Figure 9. 

Therefore the GF equation is 


Lp (2) = 2Lqu (2) + Lg (2) + + 2Lay (2) + De FY]. 


Since Lg,,(z) = 2*-1L4(z), then 


fx —times 
—— 


Ep(z) = 2" Lq(z) + 2" Lg(2) feet z*L4(z) +[peF| 
= fez" Lg(z) + [pe F]. 
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Figure 9: Transition in parallel corresponding to the term f,z*. 


Considering each of the terms fy, (1 < k <n), then 


En(z) = frzLg(z) + foz?Lq(z) +e4+ fn2"Lg(z) + [pe F] 
= f(z) Lq(z) + [pe F]. 


Proposition 2. Let M be a convergent automaton such that a counting 
automaton of M has a finite number of visible states qo,q1,-.--,Qr, in which 
the number of transitions in parallel starting from each state is finite. Let 

ete (2s st) (2) be the transitions in parallel from the state q € Q. 
Then the GF for the language L(M) is Lq,(z). It is obtained by solving the 
system of r+1 GFs equations 


L(q)(2) 
= f(a (2) + FE (LE (drg)(2) ++ Ft (2) Leen )(2) + Lae € Fh 


with O < t <r, where q, is the visible state joined with q through the 
transition in parallel fi’, and L(q,) is the GF for the language accepted by 
M if m, 18 the initial state. 


Proof. Let n > 0 be an integer, and let M’ be the automaton obtained by 
replacing the s(t) transitions in parallel (f#’(z), f4'(z),..., se (2)) leaving 
the state q € Q by the transitions »fi*(z), nff'(z),---, n a(t) (2) with 
O0<t<r. Hence M’ is a finite automaton and from Proposition 1 the GF 
of M’ is obtained by solving the following system for L’(qo) 


L'(a)(2) = nf (DL (au )(2) + fg (2) L(G) (2) + 
+ nfs (QL (Atay) (2) + [ae € FI, 
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where 0 < t <r. Therefore L'(qo)(z) is a rational function R evaluated 
at variables ,, f(z), with 0 < t < r,1 < k < s(t). We denoted this by 
L'(qo)(z) = R(nf/’(z)). It is clear that »L’(q0)(z) = nL£(qo)(z). Finally 
we consider the series R(f/*(z)), as the calculation of a rational expression 
involves only a finite number of sums, differences, products and reciprocals, 
and after applying one of these operations the n-th term of the power series 
depends only on the first n terms of the series involved in the operation. 
Hence, R(nfi'(z)) = nR(fi'(z)) for all n > 0. Therefore the GF of M is 


R( ff’ (2) = L(qo). 


Example 9. The system of GF's equations associated with M2, see Example 
8, 18 


Lo = (27+ 27)E,+1 
1-V1-4z 
= ———— [9 
2 
Lo = 2zLo. 


Solving the system for Lo, we find the GF for the language My and therefore 
of My, and M3. 


1 
~ 1 — (222 + 23\(1 - 1-42) 


Lo = 14429 +624 +1029 + 402° +1142" ++. 


4 Counting Automata Methodology (CAM) 


A counting automaton associated with an automaton M can be used to 
model combinatorial objects if there is a bijection between all words recog- 
nized by the automaton M and the combinatorial objects. Such method, 
along with the previous theorems and propositions constitute the Counting 
Automata Methodology (CAM). 

We distinguish three phases in the CAM: 


1. Given a problem of enumerative combinatorics, we have to find a 
convergent automaton M (see Theorems 1 and 2) whose GF is the 
solution of the problem. 


2. In Propositions 1 and 2 we describe how to find the generating function 
associated with a counting automaton M. To find the GF of M we use 
an auxiliary automaton M’, which is obtained from M by removing 
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a set of states or edges as explained in the proof of Proposition 2. 
Sometimes we find a relation of iterative type, such as a continued 
fraction. Moreover, it is practical to use equivalent automata (see 
Definition 3). 


3. Find the GF f(z) to which the GFs associated with each M’ converge, 
which is guaranteed by the convergence theorems. 


4.1 Examples of the Counting Automata Methodology 


Example 10. A Moizkin path of length n is a lattice path of Z x Z running 
from (0,0) to (n,0) that never passes below the x-axis and whose permitted 
steps are the up diagonal step U = (1,1), the down diagonal step D = (1,-1) 
and the horizontal step H = (1,0), called rise, fall and level step, respec- 
tively. The number of Motzkin paths of length n is the n-th Motzkin number 
Mn, sequence A001006. Many other examples of bijections between Motzkin 
numbers and others combinatorial objects can be found in [3]. 

The number of words of length n recognized by the convergent automa- 
ton Mmtot, see Figure 10, is the n-th Motzkin number and its GF is 


oo ~z-V1- 22-322 
M (2) = domaat == z = 3z (1) 
1 
7 = : (2) 
l-z- 2 
ane 


Mot: 2 z z z 
() * () 4 () 4 () 
OL ey ey) 


2 Zz Zz 
Figure 10: Convergent Automaton associated with Motzkin Paths. 


In this case the edge from state q; to state qi:1 represents a rise, the 
edge from the state qi, to q; represents a fall and the loops represent the 
level steps, see Table 1. 

Moreover, it is clear that a word is recognized by Mwot if and only if the 
number of steps to the right and to the left coincide, which ensures that the 
path is well formed. Then mn = |{w € L(Mmot) : {w| = n}| = L™ (Mtoe): 
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soeeneenil eeaeeeee (i,2,G)€ ES 


Table 1: Bijection between Mpyo¢ and Motzkin paths. 


Let Mmots, § 21 be the automaton obtained from Mmot, by deleting 
the states qds+1,4s+2,.-.- Therefore the system of GFs equations of Mmots 
is 

Lo = zLo + zl + 1, 
D,= 2-1 + 20, + 2lin1, 1<i<s-l, 
Lg = 2L5-1 + ZL. 


Substituting repeatedly into each equation L;, we have 


1 - —— s times 
1- F? 


where F = 77 and H = ck. Since Mot is convergent, then as s > co we 
obtain a convergent continued fraction M of the GF of Mot. Moreover, 


vel 
= Oy M\: 
1-F? (77) 
Hence 2*M? -(1-2z)M+1=0 and 


z+V1-22-32? 


fits: 
M(z)= 5p 


Since €€ L(Mmotr), M > 0 as z +0. Hence we take the negative sign for 
the radical in M(z). 


Example 11. The number of Motzkin paths of length n without level steps 
on the x-axis (Riordan paths) is the n-th Riordan number ry, sequence 
A005048. The number of words of length n recognized by the convergent 
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automaton Mp, see Figure 11(left), is the n-th Riordan number and its GF 
1s 


1l+2-V1-22-32? 


Riz) = yn! = (3) 


22(1+ z) 
: (4) 
2 ; 
1- 2 
l-z- 2 


ce ae ee 


In the automaton Mp, the initial loop was removed to avoid the level 
steps on the x-axis, then it is clear that r, = |{wé L(MR):|wl =n} = 
L™ (Mar). Moreover, we can use equivalent automata because the automa- 
ton Myot is a subautomaton of Mr. Hence, there is an automaton M', 
with only two visible states, such that Mp = Mr, see Figure 11(right). 


. r. 
Mr: z z Zz Mp: 


‘ 
§ 
§ 
@) 
ll 
¢ 
©) 


z z z 2M ( 2) 
Figure 11: Equivalent Automata M',p = Mr, Example 11. 


Then we have the following system of GF's equations 
so =l+2zL, 
I, = zM(z)R(z), 
where M(z) is the GF for Motzkin numbers. Whence 
R(z) = 1+ 2?M(z)R(z), (5) 

then 

1 2 1+2-V1-22-322 
1-2M(z) 1l+z+V1-22-32 ——22(1+2) 


Moreover, from Equation (5) 


R(z) = 


We also have R(z) = aa then (1+z)R(z) =1+2M(z). Hence rnyi+rn = 
Mn, N>O0, this equation is derived in [3] using a combinatorial argument. 
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5 Linear Infinite Counting Automaton 


In this section we study a family of counting automata and their GFs. 
Definition 5. A linear graph G is a 4-tuple G = (V,A,n, F’) where 


V CZ is a nonempty set of the labelled vertices of G. If meV, the 
vertex is labelled by m. 


A=(A_,A.~, A.) is the set of edges of G, where 


— A_={ieV: there exists a loop at vertex i}. 
— A y={ieV: there exists an edge from vertex i to verteri+1 }. 


— A.={ieV: there exists an edge from verter i+1 to vertex i}. 
néV is the initial vertex. 
F' CV is the set of final vertices. 


In particular, if V = N, A = (N,N,N),n = 0, F = {0}, we say that G is 
a complete linear graph and is denoted by G;. If V = Z, A = (Z,Z,Z),n = 
0, F = {0}, we say that G is a complete bilinear graph and is denoted by 
Gear. 


Example 12. Consider the linear graph V = N, A = (2N,N,N),n =0,F = 
{0}. It is displayed in Figure 12. 


taht as 


Figure 12: Linear graph, Example 12. 


Definition 6. A linear counting automaton associated with the linear graph 
G is a weighted automaton M, determined by the pair M. = (G,E), where 
E is the set of weighted transitions defined by the triple E = (E_, Ex, E.) 
where 


E_= {hi(z) :2E A_}. 
Eat file)steAa} 
BA ={o(z):t€ An}. 
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and for all integer i, fi(z),gi(z) and h;(z) are transitions in parallel. 
The set of all counting automata is denoted by M2. 


Example 13. Consider the linear counting automaton M, = (G, E = (@, {z}, {z})), 
where G = (N,(@,N,N),0, {0}). It is displayed in Figure 18. 


Ve z z 
OQ Te Te 
Zz Zz Vas 


Figure 13: Linear counting automaton, Example 13. 


The linear infinite counting automaton associated with the complete 
linear graph Gz is denoted by My in, see Figure 14 (left). Similarly, the 
linear infinite counting automaton associated with the complete bilinear 
graph Gr is denoted by Mgrin, see Figure 14(right). 


Miin :ho fi hy f ho Z hg Moun 222 fl hi fi ho f hy f hg 
CELee Ce rcee SR See eee ree 

Jo gl g2 I % 90 gl 
Figure 14: Infinite counting automata Mzj;, and MgBrin. 


5.1 Generating Function of M_;;, and M prin 
Theorem 3. The generating function of Min, see Figure 14 (left), is 


1 


fo (2) 90 (2) 
fi (2) 1 (2) 


E(z)= 


1-ho (2) 
1-hy(z)- 


where fi(z), gi(z) and h;(z) are transitions in parallel for all integer i > 0. 


Proof. We denoted by M pin, the automaton obtained from Mz; deleting 
the vertices s,s+1,s+2,.... The system of GFs equations of Mpin_s,5 > 1, 
is 


Lo = hoLo aa foli +1 
Lia giliithlyt+ filin, 1<iss-1 
Ls = Js-1Ls-1 + hsLs. 
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Substituting repeatedly into each equation L;, we have 


1 
Lo = 


fogo 


Tedios 
fin 


1l-h,- 


fs-19s-1 

1-h, 
Since Myjn is convergent, then when s > co we obtain the convergent 
continued fraction E(z) of the GF of Min. 


il =Rgat ~ 


The last theorem coincides with Theorem 1 in [14] and Theorem 9.1 
in [25]. However, this presentation extends their applications, taking into 


account that fi(z),g9i(z) and h;(z) are GFs, which can be GF's of several 
variables. 


Corollary 1. If for all integer i >0, fi(z) = f(z), 9i(<) = g(z) and h,(z) = 
h(z) in Mtin, then the GF is 


1-h(z)- VO - A(z)? - 4F (2)9(2) 


Ae Fale) 6) 
-y ya") Fa)" Ho)” (7) 
n=0 m=0 

: (8) 

“ete f(2)9(2) 

- 7@9®) 
(2) 
ie =_ 


where f(z),g(z) and h(z) are transitions in parallel and C,, is the n-th 
Catalan number, sequence A000108. 


Proof. From Theorem 3 the GF is 
1 
f(z) 9() 
f(z)9() 
f(z)9() 


Blz)= 


1-h(z) 


1-h(z)- 
1-h(z)- 
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Since the counting automaton is convergent, then 
1 


Be) a= Fd Be). 


Hence 


L-h(z) = VG = h(2))? = 4f@)9@) 
2f(z)g9(2) 


Equation (7) is obtained from observing that 


1- h(z) - J h(2))? - 4F(@) 9) 


Be) = 


B(z) = 
a Fal) 
f(2)9(2) 
1 byl tae 
oe 9 S292), 
2a he)? 
——~C 
“1 Te Tae 
where u = ate and C(z) = +44 is the GF for Catalan numbers. 
Therefore 
B C(u) = Caw’? 
(2) = GOO) = ay Lu 


2 ust 
$e,” 


-¥ ¥ o,(™*") Hae) a)”, 


Example 14. [f h(z) = f(z) = g(<) = z in Corollary 1, we obtain the GF 
for Motzkin paths M(z), see Example 10. Moreover, 


Ls] 
Ses) 
n=O 2n 
Indeed, using the Equation (7) it follows that 


M(2) = 3 s ch ail Fae 


n=0m=0 m 
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taking t= 2n+m 


hence 


[3] 
noble.) Bol) 
WED s—2n n=O 2n 


5.2 Applications of CAM to k-colored Motzkin Paths and 
Generalized Motzkin Paths 


Example 15. A k-colored Motzkin path of length n is a Motzkin path such 
that the level steps are labelled by k colors. The number of k-colored Motzin 
paths of length n is the n-th k-colored Motzkin number, mn,x- 

If f(z) = z= (2) and h(z) = kz in Corollary 1, we obtain the GF for 
k-colored Motzkin paths 


es , l-kz-V(1-kz)? -42? 
My(2) = > mene eNO ee 


i=0 22? 
and 
eae ¥ cal ‘ Jae (9) 
=, 2n 
Equation (9) coincides with Equation (8) of [27]. In particular, if k = 2 
wmey= See 7 1-2z-V1-4z 


i=0 2z 


= 7422774529 + 1424 + 422° + 1322 + 42927 + 143029 ++. 


Then zMo(z) = C(z)-1 so the n-th 2-colored Motzkin number is equal to 
Cnii- In [12] and [83] there are some bijections between the numbers mn,2 
and other combinatorial objects. If k = 3 


oS — 1-32-V1-62452? 
M3(z) = Yo mi3z" = 5) 
i=0 z 
= +327 +1029 + 3627 + 1372° + 54326 + 22192" + 928528 + ---, 


Applications in Enumerative Combinatorics of 
Infinite Weighted Automata and Graphs 157 


then the sequence A002212 is obtained, some properties about these numbers 
are established in [11, 29]. If k =4 the sequence A005572 which starts 1, 4, 
17, 76, 854, 1704, 8421, 42508 is obtained. 


Example 16. A generalized Motzkin path of length n is a Motzkin path 
such that the level step is H = (k,1) where k is a fixed positive integer. 
The number of generalized Motzkin paths of length n is the n-th generalized 
Motzkin number m*. If f(z) = z = g(z) and h(z) = z* in Corollary 1, we 


obtain the GF for generalized Motzkin path. 


00 . fe k_/(1 = zk)? — 422 
M“)(z) = mz! = as a 


2 
0 22 


The last equation coincides with the Equation (1) of [2]. If k = 2, we obtain 
the GF for Schroder paths, sequence A006318. 


oo a _ 2 4 
M®(z) = Si mz! =~ z V1-62*+2z 


p 
i=0 22 


= 142927 + 627 +022" 4+ G02" + 30429 + 180627" +x. 


There is a relation well known between the numbers m? and Narayana num- 
bers N(n,k) = +(°)(,",) with 1 < k <n which enumerate a large variety 
of combinatorial objects, see sequence A001268. In particular, there is the 


following identity, [9] 
m2 = >> N(n, k)2*. 


Example 17. /f f(z) = z= (2) and h(z) = & in Corollary 1, we obtain 
the GF F,(z) for the lattice path which never goes below the x-axis, from 
(0,0) to (n,0) consisting of up steps U = (1,1), down steps D = (1,-1) and 
horizontal steps H(k) = (k,0) for every positive integer k and can be labelled 


by k colors 


_1-(1+k)z-V1- (24 2k)z + (-3 + 2k + k?)z? + 828 - 424 
7 222(1-z) 


and 


S s—-2n _ _ 
fO=eD on \(8 2n ae 


n=0 m=0 m s—m-—2n 
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where fh Ve =[z°] Fi (z). From Corollary 1 we have the first equation, besides 


F(z) =o y on(™*) 2 (= kz i 
n=0 m=0 L=2 
= ‘ y pores ca ane eae 
n=0 m=0 i=0 m a 


o > 3 Ce ee 


m t-m-2n 


hence 


() y ss C, (ies ee 


EEO s—-m-2n 
Ifk=1 the sequence A135052 is obtained. 


The last example shows the variety of results that can be obtained 
with the CAM, simply by changing the different transitions in parallel, i-e., 
changing the GFs fi(z), gi(z) and hi(z). 

Definition 7. For all integer i >0 we define the continued fraction E;(z) 
by: 
1 
ol ae) : 
thZ) Gi lz 
eee z 
Fist (2) gia (2) 

Fis2 (2) Gis2 (2) 


1l=hisr (2) - 


1 - his2 (2) 


where fi(z), 9:i(z), hi(z) are transitions in parallel for all integers positive i. 
Theorem 4. The generating function of Mptiin, see Figure 14(right), is 

1 
1 — ho(z) — fo(z)90(z) F(z) — f6(z)90(2) EY (2) 


where fi(z), fi(z), giz), 9)(2), hi(z) and hi(z) are transitions in parallel for 
allie Z. 


Ep(z) = 
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ho 
AE CG) fo 
Omg OSEEEO 


% 90F 1 


Figure 15: Equivalent automaton to M Brin. 


Proof. It is clear that the automaton Mprzin is equivalent to the automaton 
in Figure 15. 
Therefore, we have the following system of GF's equations 


Lo = hoLo + foli + Gyula +1 


Ly = go ki Lo 
Li = foE; Lo, 


where L{, = L_;. Solving the system for Lo we obtain the GF of Mprin. 


Corollary 2. If for all integer i, fi(z) = f(z) = fi(z), 9(2) = 9(2) = af(4) 
and h;(z) = h(z) = hi(z) in Mptin, then we have the GF 


1 
oe 10 
o(2) JG -h(@®))2—4f(@)9@) (10) 
1 
: ; (11) 
a 2f(z)g(z) 
Ee f(z)9(2) 
ii 


where f(z), g(z) and h(z) are transitions in parallel. 


Proof. It is clear from Equation (10) 


1 


PAO= TRG =F OBO) 


where B(z) is the GF in Corollary 1. The continued fraction is obtained 
from the same corollary. 
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Corollary 3. If f(z) = g(z) in Corollary 2, then we have the GF 


i Hh n+2k aren Qnt+2k 
B(2) =— — may EES "| f )( re h(z)!, 
(12) 


where f(z), g(z) and h(z) are transitions in parallel. 


Proof. From Theorem 4 we have 


1 


By(2) = 1—h(z) - 2f2(z)B(z)’ 


where B(z) is the GF in Corollary 1 with g(z) = f(z), ie., 


1-h(z)-J(1-h(z))? -4f7(z i C(u) 


eae 2F%(2) TA@) 


where u = aah: and C(u) is the GF for Catalan numbers. The powers 
of the GF for Catalan numbers (see Eq. 5.70 of [17]), satisfy that 


n (" 


ona) = > n+2k\ k Jul, is 


1 1 1 
cece 2. f2(z) oo, ~ T= h(z) 1-2u0(u) 


ne) 
es a + uC(u))” 
- Ih 2, (uC) fa = Le C(u)) 
7 1 ene, oe frit 2k 72(2) ii 
Tone) aes" aa k eerevaa 
7 1 eS foe Dy FAR) 

Gy ee aa k ee 
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Example 18. A Grand Motzkin path of length n is a Motzkin path without 
the condition that never passes below the x-axis. The number of Grand 
Motzkin paths of length n is the n-th Grand Motzkin number m?,, sequence 
A002426. 

The number of words of length n recognized by the convergent automa- 
ton Mpiin, see Figure 14(right), with f;(z) = z = gi(z) = hi(z) = f(z) = 
gi(z) = hi(z) for all integer i, is the n-th Grand Motzkin number and its GF 
is 


M? (z) = m? 2? —__—___ 13 
«) » V1- 22-32? (3) 
1 
” 2 4) 
Jaye 
Zz 2 

l-z- 5 

t=z-— 
ay > son” Aas aan oa (15) 

n=1 k=0 1=0 n+2k k I : 


These equations are easily obtained from Corollary 2 and 8. 

In this case the edge from the state i andi+1 and vice versa, represent 
a rise or a fall above the x-axis and the edge from the state -i and -(i+ 1) 
and vice versa, represent a rise or a fall below the x-axis, and the loops 
represent the level steps. Moreover, it is clear that a word is recognized by 
Metin if and only if it has an equal number of steps to the right and to the 
left, then 


= |{w ¢ L(Mptin) : |w| = 2}| = L° (Morin). 


On the other hand, taking t= 2n+2k+l1 in Equation (15), we have 


= 1 Se Sa ee n (n+2k t 
ae Le oe Meson | k | eee 
then 
male So n al 8 ) 
. ea. > RAEN Ok 2n+2k 


162 R. De Castro, A. Ramirez, J.L. Ramirez 


The Grand Motzkin paths are related to the central trinomial coeffi- 
cients. Let T, denote the n-th central trinomial coefficient, defined as the 
coefficient of x” in the expression of (1+x+ x7)" or it can also be defined 
as the coefficient of the form x"y"z* in the expression of (x+y+z)". For 
example ifn = 2 then (x+yt+z)? = 27 +y? +27 +2ry+2rz+2yz, hence To = 3. 
It is clear that the Grand Dyck paths are enumerated by the central binomial 
coefficients, i.e., Ty, = m?. For integers a,b,c we call the coefficient of x” 
in the expression (a+bx+ca*)” the generalized central trinomial coefficient, 
T;* or it can also be defined as the coefficients of the form «”y"z* in the 
expression (a+ba+cxz*)". Taking f(z) = az = f'(z),g(z) = cz =9'(z) and 
h(z) = bz = h'(z) in the counting automaton Mprin, we obtain the GF for 
the numbers T). 


ST 2! = : = 
=e J (1 = bz)? -4acz2— \/1 - 2bz + (b? - 4ac) 2? 
1 
- 2acz” 
1l-bz- ji 
acz 
1-bz- j 
acz 
1=te¢= 


The last GF coincides with Equation (8) of [24]. By using the Binomial 
Theorem twice and the identity ()( ee = (7*)( ap we have 


n-2k k /\2k 

ln 2k\(n 
pk pr-2k ke 
oe Cai)” eo 


Since m> = Ty, then 


SPN(2) ere S eo n eal s 
py RI) ee CS Qn + 2k)’ 


Example 19. In this example we consider lattice paths according to a given 
statistic. A k-colored Motzkin path of length n can be coded as a word 
we M*, where M = {U,D,Hj,..., Hx}, with U = (1,1), D = (1,-1), Ai; = 
(1,0) (i = 1,...,k). Each step H; represents a color, |wly = |w|p and 
Jwlp <|wly. We denote by My, the set of all k-colored Motzkin words, and 
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by My the set of all k-colored Motzkin words without level steps on the x- 
axis. Let r(w) be the number of D’s in a k-colored Motzkin word. With the 
CAM we can find the following GFs: 


Pa) = a, Gay)= > ay, 
weMy, weMer 


In fact, if f(x,y) = xy, g(a, y) =x and h(xz,y) = kx in Corollary 1, we 
have 


1-ka-VJ/(1-kz)? - 422y 


F 7 lw], rw) _ 16 
Me Day _ (16) 
co co t _on ws 
-y>> Cal, Ji arty (17) 
n=0 t=2n n 


Moreover, 


Fy (x,y) z 3 so oi a 2 ea 


Therefore, 


[2"y"] Fe(z,y) = Cr( i Jie 
s—2r 


ee al ()( 8 lee 
le+r\r/\s—-2r 


1 s] 
l+rrir!(s-2r)! 


ete 
ltr r,r,s—2r]}? 


s—2r 


with r< [4]. 


The GF G;(x,y) is obtained from the automaton in Figure 16. 
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Figure 16: Counting automaton associated with Mj. 


Following the same idea of Example 11, we have 


1 
Gi(2,y) = ghelyr() = —_______ 
te 1-2? yFi,(z,y) 


y a > n aa eae ‘Rr 
n=0 r=n t=2r 2r—n i t—2r 


eed BCT Weta) tL 


n=0 


The above results coincide with [27]. 


6 Other Counting Automata 


In this section, we introduce a general operator on linear and bilinear count- 
ing automata. Then, we obtain a new family of automata with an arbitrary 
set of accepting states. 


Definition 8. Let M. = (M,E) be a counting automaton, where G = 
(V,A,n,F’). We define the operator FINq : M*? — M2, by FiInq(M,) = 
Ml, where M!, = (G', FE) with G' = (V,A,n,H). 


In other words, this operator redefines the set of final states of a given 
counting automaton. 


Example 20. Consider the counting automaton FINN(M_in). It is dis- 
played in Figure 17. 


Figure 17: Linear infinite counting automaton FIN\(M jj). 
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Theorem 5. The GF of FINN(Mtzin), see Figure 17, is 


oo [j-1 
G(z) = E(z) + 2, (Humana) (18) 
gal X= 


where E(z) is the GF in Theorem 8, and E;(z) is as in Definition 7. 
Proof. The system of GF's equations of FINN(M_in-s), § > 1, is 


Lo = hoLo + fola +1 
Ey,= Gib + hylyt filin +1, 1<iss-1 
Ds = gs-1Ls-1 + hl, +1. 


It is equivalent to 


Lo = Fol; at Ho 
O,=Gy1b-1+ Flin + Ai, 1<iss-1 
Ls = Getlet: 
where F; = E.G: = es and H; = ae? for all integer i > 0. 
Substituting repeatedly into each equation L;, we have 
L Gi-1 Ie F5(Hs + Hs-1) i; oy Ae F,.Aj 
ae 4 = 
‘” Trunc(£;) " Ts; Trunc(£;) j= I_, Trunc(£;) 
where 
EG; 
Trunc(£;) = 1 = : 
Fi Gis1 
ee 
i Fy-1Gs-1 


for alll <i<s-—1. Hence 


‘ Ho, Wyo P(e + Hoa) 3 Mico Feb 
o= 
Trunc( Eo) T1320 Trunc(E;) jal Tip Trunc(E)) 


Since FINy(M rin) is convergent, then when s > oo we have the GF 


5 ts ee 
Tio Fy; ( : 


Ly = E(z)+)) = B(z) + DTA) Bie) (2) 


j=l IIj_g Trunc.. (E)) j=l \iz0 
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where 
FG; 
Fit Gis 
F42Gi+2 


Trunce(£;) = 1- 


Ae 


Proposition 3. The GF of the automaton FINen(M rin), with fi(z) = 
f(z), 9i(2) = g(z) and h,(z) = h(z) for all integer i > 0, see Figure 18, is 


a _ (1 A(z))? - (2) - VU A(2))? - FP)? - 4F @)g(@) 1 - A)? 
2n(Z) = : 


2f(z)g(z)(C1 - h(z)) 
(19) 


Finon(M in): h h h 
Cee es ae 
ORE CSD OEP OR. 
g g g 


Figure 18: Linear Infinite Counting Automaton FINoy(M rin). 


Proof. It is clear that the automaton FINoy(M_zin) is equivalent to the au- 
tomaton in Figure 19. Hence, we have the following system of GF's equations 


h h 
eer 
OOo 
g gDon(z) 


Figure 19: Equivalent Automaton to FINon(M rin). 


Doyx(z) = hDon(z) + fli +1 
Ly = gDon(z) +hL1 + fL2 
Dg = gDon(z)L1 + Don (2). 


Solving the system for Dgy(z) we obtain the GF. 
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Proposition 4. The GF of the automaton FINoni1(M rin), with fi(z) = 
f(z), 9i(2) = g(z) and h,(z) = h(z) for all integer i > 0, see Figure 20, is 


f(z) Don(z) 
1-h(z) - f(z)9(z)Don(z)’ 


where Don(z) is the GF in Proposition 8. 


Doni (2) = (20) 


FINon+1(M rin) : h 


h h h 
eHeneney 


g 
Figure 20: Linear Infinite Counting Automaton FINon+1(M rin). 


Example 21. [f f(z) = z= 9(z) = A(z) in the GF Doy(z), we have the GF 
for Motzkin paths ending at even heights. 


1-2z2-V1-47+ 823-424 
Dox(z) = 222(1 = z) 


= 14274327 + 72941924 + 512° + 1432° + 40727 +: 118328 ++, 


It is the sequence A135052, however, this interpretation is not displayed 
in [30]. Something interesting is that the last GF is the same in Example 
17 with k = 1, 1.e., the number of Motzkin paths ending in even heights is 
equal to the number of paths consisting of steps U = (1,1), D = (1,-1) and 
H(i)= (0) fort > 1. Hence 


[25] Don(z) = po : 3 pres aa -2n- ) 


n=0 m=0 m-1 


Moreover, we have the equivalency between counting automata shown in the 
Figure 21. It would be interesting to have a bijection proof of this. 

If f(z) = 2 = g(z) = h(z) in the GF Doni1(z), we have the GF for 
lattice path ending in odd heights. 


zDon(z) 
— z- 2? Don(z) 
= 74227 +622 + 1624 + 462° + 1322° + 3882" +: 1152294--.. 


Don+1(2) = j 
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z z z z 


We 


Figure 21: Equivalence between counting automata, Example 21. 


7 Conclusions and Future Research 


In this paper, we have introduced a new counting methodology, the so called 
Counting Automata Methodology (CAM), based on infinite weighted au- 
tomata, weighted graphs, continued fractions and generating functions. By 
using this methodology we have derived both existing and new combinato- 
rial identities. 

We now suggest some topics for further research. (1) Find new applica- 
tions in other combinatorial constructions, for example in trees, polyominoes 
or numerical arrays such as Catalan triangle. (2) Generalize the CAM to 
obtain generating functions in two or more variables; Example 19 would be 
a particular case. (3) Following the ideas in Section 6, find new general 
operators on linear and bilinear automata. 


Acknowledgements 


The authors thank the anonymous referees for their careful reading of the 
manuscript and his fruitful comments and suggestions. The third author 
was partially supported by Universidad Sergio Arboleda. 


References 


(1] A. V. Aho, R. Sethi, and J. D. Ullman. Compilers: Principles, Tech- 
niques and Tools. Addison-Wesley, Reading, MA, 1986. 


[2] E. Barcucci, E. Pergola, R. Pinzani, and S. Rinaldi. ECO method and 
hill-free generalized Motzkin paths. Séminaire Lotharingien de Combi- 
natoire, 46:1-14, 2001. 


Applications in Enumerative Combinatorics of 


Infinite Weighted Automata and Graphs 169 

[3] F. Bernhart. Catalan, Motzkin, and Riordan num- 
bers. Discrete Mathematics, 204(1-3):73-112, 1999. 
doi:10.1016/S0012-365X (99) 00054-0 

[4] J. Berstel, L. Boasson, O. Carton, and I. Fagnot. Stur- 
mian trees. Theory of Computing Systems, 46(3):443-478, 2010. 
doi:10.1007/s00224-009-9228-0 

[5] V. Berthé and M. Rigo. Combinatorics, Automata and Number Theory. 
Encyclopedia of Mathematics and its Applications, Cambridge, 2010. 

[6] M. Bousquet-Mélou. Algebraic generating functions in enumera- 
tive combinatorics and context-free languages. In: V. Diekert and 
B. Durand, editors, STACS 2005, volume 3404 of Lecture Notes 
in Computer Science, pages 18-35, Springer, Heidelberg, 2005. 
doi:10.1007/978-3-540-31856-9_2 

[7| P. Braéndén and T. Mansour. Finite automata and pattern avoidance 
in words. Journal of Combinatorial Theory, Series A, 110(1):127-145, 
2005. doi:10.1016/j.jcta.2004.10.007 

[8] W. Chen. Context-free grammars, differential operators and formal 
power series. Theoretical Computer Sciences, 117(1-2):113-129, 1993. 
doi:10.1016/0304-3975 (93) 90307-F 

[9] W. Chen, S. Yan, and L. Yang. Identities from weighted Motzkin 
paths. Advances in Applied Mathematics, 41(3):329-334, 2008. 
doi:10.1016/j.aam.2004.11.007 

[10] M. Delest. Algebraic languages: a bridge between combinatorics and 
computer science. DIMACS Series in Discrete Mathematics and Theo- 
retical Computer Science, 24:71-88, 1996. 

[11] E. Deutsch, E. Munarini, and S. Rinaldi. Skew Dyck paths. Jour- 
nal of Statistical Planning and Inference, 140(8):2191—2203, 2010. 
doi:10.1016/j.jspi.2010.01.015 

[12] E. Deutsch and L. Shapiro. A bijection between ordered trees and 


2-Motzkin paths and its many consequences. Discrete Mathematics, 
256(3):655-670, 2002. doi: 10.1016/S0012-365X (02) 00341-2 


170 


R. De Castro, A. Ramirez, J.L. Ramirez 


[13] 


[14] 


15 


16 


17 


18 


19 


[20] 


[21] 


[22] 


[23] 


[24] 


M. Droste, W. Kuich, and H. Vogler. Handbook of Weighted Automata, 
first edition, Springer, Monographs in Theoretical Computer Science, 
2009. 


PP. Flajolet. © Combinatorial aspects of continued §frac- 
tions. Discrete Mathematics, 32(2):125-161, 1980. 
doi:10.1016/0012-365X (80) 90050-3 


P. Flajolet and R. Sedgewick. Analytic Combinatorics, Cambridge, 
2009. 


R. Graham, M. Grotschel, and L. Lovasz. Handbook of Combinatorics, 
volume 2, MIT Press, Cambridge, 1995. 


R. Graham, D. Knuth, and O. Patashnik. Concrete Mathematics, sec- 
ond ediction, Addison-Wesley, 1994. 


T. Mansour. Combinatorics of Set Partitions. Discrete Mathematics 
and its Applications, CRC Press, 2012. 


J. E. Hopcroft, R. Motwani, and J. D. Ullman. Introduction to Au- 
tomata Theory, Languages, and Computation. Addison-Wesley, Read- 
ing, MA, 2001. 


A. Lascoux. Symmetric Functions and Combinatorial Operators on 
Polynomials. CBMS Regional Conference Series in Mathematics, Amer- 
ican Mathematical Society, 2003. 


S. Heubach and T. Mansour. Combinatorics of Compositions and 
Words. Discrete Mathematics and its Applications, CRC Press, 2010. 


T. Mansour and A. O. Munagi. Enumeration of gap-bounded set par- 
titions. Journal of Automata, Languages and Combinatorics, 14(3- 
4):237-245, 2009. 


T. Mansour and A. Vainshtein. Restricted permutations and Cheby- 
shev polynomials. Seminaire Lotharingien de Combinatoire, 47 Article 
B47c:(2002). 


T. Noe. On the Divisibility of Generalized Central Trinomial Coeffi- 
cients. Journal of Integer Sequences, 9(2):1-12, 2006. 


Applications in Enumerative Combinatorics of 
Infinite Weighted Automata and Graphs 171 


25 


26 


27 


28 


29 


[32] 


[33] 


© 


J. M. Rutten. Coinductive counting with weighted automata. Journal 
of Automata, Languages and Combinatorics, 8(2):319-352, 2003. 


J. Sakarovitch. Elements of Automata Theory, Cambridge, 2009. 


A. Sapounakis and P. Tsikouras. On k-colored Motzkin words. Journal 
of Integer Sequences, 7(2):1-13, 2004. 


J. Shallit. A Second Course in Formal Languages and Automata Theory. 
Cambridge, 2009. 


L. Shapiro and C. Wang. A Bijection Between 3-Motzkin Paths and 
Schroder Paths With No Peak at Odd Height. Journal of Integer Se- 
quences, 12(3):1-9, 2009. 


N. J. A. Sloane. The On-Line Encyclopedia of Integer Sequences. 
https://oeis.org/. 


K. Uchimura. Properties of structure generating functions of automata 
and their applications for linear systems. Theoretical Computer Science, 
18(2):207-220, 1982. doi:10.1016/0304-3975 (82) 90022-6 


K. Uchimura. Truncations of infinite matrices and algebraic series 
with some CF grammars. Theoretical Computer Science, 31(3):227-261, 
1984. doi:10.1016/0304-3975 (84) 90035-5 


W. Woan. Animals and 2-Motzkin Paths. Journal of Integer Sequences, 
8(5):1-12, 2005. 


Scientific Annals of Computer Science 2014 


